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1. Introduction 

Towers are applied with gas - liquid system in large part 

of industry [1]. Momentum equations are governed 

towers. Bubble columns are designed in biochemical 

processes, such as fermentation, biological water 

purification and fuel cells production by synthetic gas 

conversion processes and chemical processes such as 

polymerization, chlorination and oxidation [1]. Bubbles 

are distributed in liquid phase in the gas phase bubble 

columns, from the bottom of the tower [1]. Shapes of 

bubbles are varied depending on different velocities and 

liquid-gas flow regimes. 

 Various forms of bubbles are developed such as 

spherical, ellipsoid and cap bubble [9]. Researchers are 

received main problem in liquid-gas system [9]. 

Important problem is analyzed drag coefficients 

independent on the diameter and bubble shape [23]. 

 The drag coefficient is obtained with study of the order 

of magnitude in mathematical equations for different 

forces and direction absolute value the separation 

surface as well as solving governing mathematical 

equations [23].  

Overall purposes of present paper are as follows: 

 

 The drag coefficients are presented various forces 

evaluation with excellent precision. 

 The drag coefficients are obtained independent on 

the diameter and bubble shape. Equal equations are 

offered to the bubbles diameter really. There are 

replaced to equal diameter. 

  

2. Previous works 
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Drag coefficient independent on bubble diameter is required to ease design sieve 

trays or bubble column, through simulation of computational fluid dynamic. In 

this paper, the drag coefficients, independent or dependent on the diameter, are 

reviewed for gas-liquid system. A number of drag coefficients are used for 

Computational Fluid Dynamics (CFD). Different forces are entered to the liquid-

bubble separation surface in diverse directions. Forces are investigated with 

mathematical proving for Newtonian fluids and Eulerian coordinate. Finally, the 

external force as a new force, enter to the drag coefficient equations. Drag 

coefficient is included force coefficient. Drag force is entered in momentum 

equations. Drag coefficient is used in two-phase systems which bubbles and liquid 

are activated as dispersed and continuous phase, respectively. Bubbles and liquid 

are in contact with each other in separation surface on bubble. Drag force is 

created slip on separation surface. The drag coefficients are investigated depended 

on the size and configuration of bubbles. The drag coefficient of Krishna et al is 

used dependent on bubble diameter. Schiller - Nauman model drag coefficient is 

estimated with 9% error and dependence on bubble diameter.  In this article, the 

modern drag coefficients are studied independent on the diameter and shape of the 

bubble. The Drag coefficients are resulted theoretical, mathematical and 

experimental independent and dependent of diameter bubble. The new Drag 

coefficient is presented dependent on surface tension and diameter of the tower 

hole with 6.3 of error approximately. 
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    The drag coefficient of the two-phase fluid is 

obtained by several researchers (Allen et al 1900, 

Langmuir et al 1948, Dalle Ville et al 1948, Gilbert et al 

1955, Moore 1963, Kurten et al 1966) [2, 3, 4, 5, 6, 7]. 

(Abraham et al 1970, Clift et al 1970, Tanaka et al 1970, 

Ihme et al 1972, Brauer et al 1972, White 1974, Ma and 

Ahmadi 1990, Grevskott et al 1996, Tsuchya et al 1997, 

Lane et al 2000, Tomiyama 1998, 2004, Hameed et al 

2015) [8,9,10,11,12,13,14,15,16,17,18,19,20]. 

    Schiller and Newman (1935) [21] provided drag 

coefficient by dividing the bubbles shapes in different 

streams after precise measurements of bubble-raising 

speed. The drag coefficients are obtained from suitable 

advanced equation dispersed flow for bubble forms. 

Figurations are consisted spherical, ellipsoid and 

condensed cap particles. All drag coefficients depend on 

the bubble diameter. In this model, Drag coefficient is 

showed constant value for spherical forms.   

    Ishii and Zuber (1979) [22] Suggested a correlation 

coefficient for different bubble structures in a wide 

range of Reynolds numbers. The Drag coefficient 

provided depending on the bubble diameter. The drag 

coefficient is shown value constant for spherical shapes. 

    Krishna et al. (1999) [23] proposed a drag coefficient 

for bubble movement in gas-liquid towers, in Euler- 

Euler coordinate based on the slip and gas hold up for 

hydrodynamic sieve trays. The drag coefficient is 

presented depended on the diameter, but in the 

momentum equation, vanished using the Bennett et al 

(1983) [24] relationship. 

    Noriler et al. (2008) [25] showed correlation 

coefficient for the towers in the Euler- Euler structure 

and dependent on bubble diameter in gas - liquid 

system.  

    Zhang et al. (2008) [26] provided drag coefficient 

based on proof mathematical equations, for direct 

movement of the bubble in the static fluid via the 

balance of forces interacting on the bubble. 

 

3. Mathematical model 
 

    The model is consisted gas-liquid system in the Euler 

- Euler structure. The gas-liquid phases are interacted 

together possess separate continuity and momentum 

equations. The continuity and Navier - Stokes equations 

are written with average Reynolds for gas and liquid 

phase as shown in 1- 4 relations.  

Gas phase: 
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Liquid phase:  
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Total volume of gas and liquid is obtained as: 

3 1 lg 
 

l,
g , lu ,

gu ,
g and l are liquid-phase density, 

gas-phase density, liquid velocity, gas velocity, gas-

phase fraction and liquid-phase fraction, respectively. 

Momentum equations: 

Balance of momentum is obtained with the 

accumulated and momentum flux composition of the 

molecular and convective momentum flux, Pressure, 

drag and other forces. 

For gas-phase, momentum equation is: 
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And for liquid-phase: 
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𝜇𝐾 and g, respectively, show molecular viscosity and 

gravity vector of k-phase. pk is pressure field and has 

same value for gas and liquid phases; pi = pg. Mg,l  imply 

momentum transfer between the gas and liquid phases. 

In addition, the momentum flux is caused from speed 

fluctuations and turbulence which there are incorporated 

in diffusion. 

 

3.1. Drag force 

     

    The drag force is slip on separation surface, one of the 

factors affecting momentum transfer. The drag force per 

unit volume is: 

6 )(
4
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Where db, CD and Mg,l  are bubble diameter, drag 

coefficient a relationship entering in momentum 

equations and the drag force per volume unit, 

respectively. 

    Now, applicate relations for simulation are described. 

    According to Schiller and Neuman approach in 1935, 

Drag coefficient obtained pursuant to the result. This 

method employed was also employed for gas-liquid, 

liquid - liquid as well as solid - liquid systems. 

    For condensed spherical particle: 

 

    In the dense spherical particles for Reynolds: 

  7 

0.68724
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0≤ Re <1000  

Rem is mixture Reynolds number: 
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To measure mixture viscosity, 𝜇𝑚: 
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    αmax is maximum amount of mixture and equals to 

0.52. 

    Ellipsoid particle region are condensed for Reynolds 

above 1000: 
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    For condensed Spherical Cap Regime for: Reynolds 

above 1000; 
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  Dalla Ville in 1948 provided a relationship used for 

computational fluid dynamics in terms of Reynolds 

number.  

While axial sliding speed depended on the bubble 

diameter. 
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    Reynolds is given as equation 14:
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SlipU  is the slip velocity,

l liquid density,  

dynamic viscosity [4, 42]. 

    White in 1974 proposed a relation depending on 

bubble diameter in order to simulate for gas-liquid 

devices, this Computational Fluid Dynamics relation, is 

used [13, 41]. 

 16   
24 6

0.44
Re 1 Re

DC   
 

    In 1976, Grace et al carried out dimensional analysis 

for individual bubbles going up in static fluid. Grace et 

al concluded dynamics have fully expressed in 

accordance with dimensionless sub-groups such as EO, 

Re and MO. Note that the Re shows inertial force per 

viscose ratio. EO is floating to the surface tension force 

and MO is group property of two Phases. σ is based on 

tension surface between the two phases [29, 42]. 
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The first relation is for ellipsoid bubble. 

Dimensionless values combination is as follows: 
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    A correlation distribution in regimes possessing 

various forms of Reynolds was offered by Ishii and 

Zuber (1979) [22]. 
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    In 1999, the drag coefficient DC for simulation of 

computational fluid dynamics and liquid-gas towers 

with Drag correlation was presented by Krishna et al 

[23], 
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    This equation was presented within the Euler - Euler 

framework and used to raise swarm bubbles in the 

turbulent region. 
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    In this equation, lg uu  is relative speed between 

gas and liquid and can be estimated as a function of 

surface speed, BGg AQU / , 
average

gf or average gas 

hold-up was obtained  from the equation provided by  

Bennett et al [24]. 
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    Correct replacement is applied in momentum transfer 

equation of separation surface, in proper form of CFD 

[23]: 
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    For the stock regime: [1] 
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    In another form of CFD applications are assembled 

simplified equations of overall system in steady-state 

conditions. This problem is empirically calculated by 

combining the following equations; the average drag 

coefficient β and average drag force DF is shown in the 

form of equations 28 and 29 due to its application in 

multi-phase and two-phase fluids. [32] 
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Table 1, Models of drag 

coefficient 

 

Researchers Drag coefficient
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Tsuchiya (1997) [16]
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Noriler et al (2008) [25] 
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     Mathematical relations 32 and 33 [34]: 

      F ma
 

     Where; 
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    Where IF , amF , extF , cirF , GF , dF , boyF and wF are     

Inertial force, added mass force, external force, 

centrifugal force Center, gravity force, drag and 

buoyancy force bubbles weight. 
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    Added mass force for non-uniform flow interacts with 

bubble. Because of steady-state flow is entered and it is 

monotonic, the added mass force is ignored.  
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    Gravity force emerges from interaction of the 

gravitational constant, the bubble mass, the equivalent 

bubble mass and equivalent distance. 
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    Equivalent bubble mass is analyzed equal to the total 

sum of available bubbles in the investigated tower. 

Equivalent distance is equal to total distance of all 

bubbles. Bubble mass is calculated by multiplying 

density in bubble volume. 

37 
bubgVm 1  

    If the bubble diameter is estimated as 0.000001- 0.1 

m, bubble volume is estimated as   10-3-10-18 3m . 

Density is also in the order of one, multiplying mass 
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order in the volume of the bubble the order of bubble 

mass is 10-3-10-18 kg. If the bubbles number in the tower 

is in the amount maximum 10,000, the amount of 

equivalent mass via multiplying the bubbles number in 

order is equal to 10-10-14kg. Equivalent distance of 

bubble with another bubble is in order of 1-1000 m. The 

gravitational constant is of the order of 10-11. Placement 

of these orders in gravity force relationship, for 

maximum values of gravity force [39]: 

38
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    And for minimum values of gravity force: 

39 

 

The order of gravity force is ignored in balance force 

equations. 

The order of the centrifugal force is decreased in 

opposition to the surface tension force and centrifugal 

force is negligible. Mass and bubble radius are very low 

order against other forces. 
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    Fluid contact surface with sphere is supposed to be 

circular: 
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   43  

  Given bubble is also spherical: 
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After arrangement of 45: 

 

 

             46    

    
g , l ,

bubbleV  , 
m ,u  and ed  are liquid and gas 

density, bubble volume, Mass flow of gas inlet and gas 

velocity in equivalent outlet and diameter. 
TU is the 

terminal velocity of the bubble aacircular ,  andg are 

inertia bubble rotational acceleration, and gravity 

acceleration. Balance form is investigated under steady-

state. So, maFI   or inertia force is equal to zero.
   

After simplification and ignore the very low amount 

orders and the forces that are perpendicular to the drag 

forces. Forces are removed in steady- state and relation 

47 is obtained:                   
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    Where [34];  
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    The drag coefficient is used for Reynolds 0  Re  

3000. For Reynolds numbers above 3000, the drag 

coefficient amount is 2.62 [35]. The drag coefficient is 

obtained external forces precision increasing, 

significantly. The drag coefficient is analyzed the most 

relationships diameter precision at low Reynolds.  

    The drag coefficient in terms of Reynolds number is 

given as equation 49: 
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After arrangement of terminal Reynolds number 

equivalent parameters in relation:  
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    Reynolds dimensionless number is [36]: 
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     l is liquid viscosity. Reynolds number in CD gives: 
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4. Conclusion 

4.1. Approaches removing bubble diameter in drag 

coefficient relationship 

   There are many relations for different towers which 

can be used according to the shown relationship to 

remove diameter, in the drag coefficient equations. 

These relationships are presented the bubble diameter in 

terms of other mathematical parameters have their own 

special accuracy. Due to the accuracy and placement in 

drag coefficient relation, So Drag coefficient can be 

shown independent of the bubble diameter.  

4.1.1.. Bubble mass 

 One way to calculate the mass is equalization of bubble 

diameter, its equivalent amount multiplying the density 

in the bubble volume. 

53 

 
3)

2
(

3

4
)

d
Vm GGb  

 

    Extracting the diameter from 53: 
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    Bubble volume is obtained from 55: 
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    54 is placed in 48: 
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    d is bubble diameter and can be considered as the 

most accurate diameter. 
m  is mass flow rate of hole in 

which bubble is entered to fluid. 

 

   One way to calculate the equivalent mass bubble in 

steady-state conditions is that having bubble density in 

hand, only bubble volume is necessitated to obtain the 

mass. Having the gas volume fraction
 Gand the 

volume of the gas - liquid contact tower TowerV , Total 

gas volume is obtained. Multiplying tower surface A 

and its length L, total volume of the tower is obtained. 

Mass bubble is given with dividing the total gas volume 

to the number of bubbles, equivalent bubble volume. 

The number of bubbles in steady-state is obtained via 

measurement of time needed to increase bubble average 

and the number of bubbles are separated from hole at 

the same time. Multiply the numbers of bubbles in the 

number of hole are given total number of bubbles in 

steady-state conditions. 
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n and m are number of holes and bubbles in tower, 

respectively. 

4.1.2. Mass flow rate 

The bubble diameter is calculated using gas mass flow 

rate. In this method, the equivalent bubble diameter is 

calculated by mass flow rate of incoming gas of each 

hole. 
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Calculated bubble diameter using mass flow rate is 

calculated via diameter-independent drag coefficient. 
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Terminal velocity in the range of bubble diameter 

larger than 1.5 mm is equal to [37, 39, 44]: 

62 
 

The velocity inside of hole is given as follows: 
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4.1.3. Surface tension and hole diameter 

The main equation depending on the diameter is same as 

relation 64: 
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    The range of velocity inside of the hole is 1m/s and 

less. Mass flow rate is measured by 65: 
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    Reynolds number inside of holes is obtained by 

relation 66: 
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    For very low flow rate of gas: 

 
67 

    The amount of right side is 0.015718 and values of 

variables and volumetric flow rate of gas in the left are 

given in Table 2. So, 

 Relation 68 is applied to measure bubble diameter in 

contact with water [39, 43]. 
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    To calculate terminal velocity, single bubbles is 

swarmed to the water. For bubble diameter less than 0.7 

mm, terminal velocity is given by relation 69 using 

stockes’ law [37]. 
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    For bubble diameter larger than 1.4, If the viscosity of 

the liquid is low, the terminal velocity of single bubbles 

that are swarmn in water, up to two non-zero digits, is 

obtained by relation 70 [37, 39, 43, 44]: 
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This relationship is true for hole diameter up to 10 

mm. For liquids with a viscosity of up to 1000cp [38, 

39], 
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total error rate than the top and bottom of the standard 

figure are 6.3 approximately.   

 

 

 

 
 

Figure 1; Diagram of Drag Coefficient – Terminal Reynolds 
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Table.2. It is Shown amount of drag Coefficient independent of the bubble diameter and dependent on surface 

tension on the terminal Reynolds numbers and other parameters [39].  
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Table. 3. Property of water filtered and air in 19c0
[35]. 

3/21.1 mKg g 

3/998 mKg l 

msKg /00102.0 l 

mN /0729.0 l 

 
Table, 4.Amount of Error Percent in different Reynolds in addition to the real drag coefficient and calculated is 

shown [35]. 
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5. Conclusion  
 

The drag coefficients are investigated depended on the 

size and configuration of bubbles. The drag coefficient 

of Krishna et al is used dependent on bubble diameter. 

Schiller - Nauman model drag coefficient is estimated 

with 9% error and dependence on bubble diameter.  In 

this article, the modern drag coefficients are studied 

independent on the diameter and shape of the bubble.  

The Drag coefficients are resulted theoretical, 

mathematical and experimental independent and 

dependent of diameter bubble. The new Drag coefficient  

is presented dependent on surface tension and diameter 

of the tower hole with 6.3 of error approximately. 
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